Radon - N\ko dgmj]xeofeﬂ Jrag
Measure dont heed 4o be positive | = S-(sheDL measure U. M""’R (:ftmte ,1%(& we,
dont need to deal With (-=00) +1%0)) 2 Total Variotion v/ld(ue:ib\g signed measurable
XCf (signed measure ) M is a o=algebra on X,

h\——ﬂl is o signed measure 'f it satisfies
® u)= .5: UCE;), guen E = 1313.

Remark: W(X)<>; uih=o
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Given. a. signed. measure. _we can get o tota| Variation by
af(E)= s g ZIWED|Y o o g L

pop: TV s a Finite measure_o'to(,M). -
pioof: . TV, satisfies  countable ~MA$VI@. TR,
"0 s finite s :
B lemmac: If lul(E)=vo for some EeM  then 3 A BGE E=AUS8. GML
[ ). |wes)> 1] . |
Now [X) =50 we heak Xinto Aand 8, lucA\)l |ug)] 3 |.
Ju|(0= lu[cA)+ W](8) & WloG syme |U(A} =w.
A to tephle X 3 A Be st W|OA: W agtHilce)
Bun € An , 1B:J3 are digmt. 8= VB,
W)= % wigy)

Uis o Siﬁnecl measwe, W(B)—© as )2,

But e suppose lwtB]3i, contradiction !

Example. of '~ functions:
Wis a measure on (X, M) and j:éL'(u) t}\en.
(a) X(E) = fg fulu VE(—M is a susneo( measure . T h . eiles
W, W) = fe ldu 35 the induced Hotal variation KENE




We_ discass_more_abast _'agebmicj,;[zr,qyer_t(es.a;f_’d\g*sefcp_f,,all,_slgngi.mm&m
on (X N\):
© It3 o vettor space . 1S complete under the norm: Jlufl = [ul(X)

4 a4 O 4 .

+_given. o signed measwe U. let W=z Culte), W= Lewf-w), d=u*-U é
wl= WU, this is called the Jordan decompuition of the signed measure . A

~

OFP dbsolte cotbinuous: \- & are two ymeaswes. X is aBSolute(g tatinuods w.r-t U. 5
A<l s if every - nll set is o A-null set. 5,

Soncentrate : N is concentrate. onset A if M(E)= A(EOA). VECM *

-

Singular to each other : M and A= ave sinqular to each other ANB= ¢,
Auda concentrate o A, B fespectively, ﬁ\eg Sy A a’ssingukrtalzj
Yelds: Fifie eniieiios = A
let u be a measure, X a measure o Signed measueon Ah. %
(prop3: (@ Nis conentyate  on A 2| i concentate onA :
) Aldr= l/\u’-’-M{s, 5
(). Jlus LU= Athiw
@), di<u. Ja<sh DA <h
ey, dxuy 9=

(F)s di<cu. A= LU= ) LAy

D i 4B Al B

(!

(3), <<, ALU D X=0 .

It seoms 4hnt obshte Continutty onl Swgulority e 2 extrieme velating
between 2 measures. However we are suvprseol to find. they can lefulf 0lwes® @
(’)mg measire evey U con be S?Lt A to absiite continuous Pmt Vc;u\ot A
" singlar " part . -
é
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Theorem_ (Lebaque De composntlon) ‘
let u be o o=finite Mmeasure Qno( )\. o Slgnak MmeasurC. on (X/MJ
We can sy[‘{ A into Nact)s, where, Nac <<t and Ag L, this decomyqsqt(om

L=dacths is unigue

Theorem € Radon — Nikodym. Theorem)
Wis o o=finite measwe . N a signed mensure on (X M), 54 A<<d. There
exists a wigue heLl'w), st. Xe)=[ehdu. /£ EM |
The $unction. h. is called. the Rdon—Nikodym derivative of X wr-t w and
il be denoted. by
Prof: @ Wand X ave finite measures
‘let P=usk. def AY= fodd, $elip
N9 = figidh $¥poo 19llcp
s A is o bounded Lineor functional on L'(f), Thus By ﬂe self duabfj of 2P,/
39€L'p, st. [9r=Jygde. Ygern) S Jeade
‘Lot 9=dp, Jedh=AE)=[p9dp 7 = e, €YU
and Jeletd P-ae. We can assume YKL Lal):
}\acCE)"' ALEQ fx: gcx)eco,;)ﬁ;é )\Gf nA)
Ag (E)= \(ENix: goo=1}: = ALE NB)
J 90-gydd = fogdu et 9:Xg. then uB)zo I Aslu
et 9= XeCHqrg--49"), Jhe Q-g™)da= [le (gt 497pdu
g fa Aﬁgnﬂm = X(ENA)=AalE) .
Rhs = Jenn @ g du = feop Ty A
AactE) = ALENA)= fs/m holu }L"é?  Aac <<k
@ . Wis finte meawswe. A sianeal measure,
Mz oo #)¢t. L= Aac #A”
: )\4:, Aac <, )\aj ,')xSiJ'“l

©P0000000QO0000000

il

KOKUYD

0000000 Q



® Wis 0-fute . liJ siqnecL measwrable ;
X= UX,, ulXy) ¢de.

k= )\ac’f)\.s A<y, AL,
then, Aac= J-z;,\)\az . As -:-)é)\j’ = Aacths. Ao << U, NsLu

® Vsing Conhddiﬁon, ""p ym\/g un(Quaness.

A significant  Application :
W is o signed measure on LXiM),- IU(E)]< [ul(€), 2 u<s u]. Bg R-N theoren,
Thel(). st e fehd]
|ulL€: v e hdw| = I“Ig el-ull o hélwe.
Clagm.- M= ae. ;
Av =1xe X: ko vy re (o.l) ,
Z |uy) = IJAJJ\oLluII SE[ W dwl < v Zul (4) =via) (Ar)
Take supremum. over all partitions {A;f,
w[ (A< viul (Ar) , |
As [ (Ar) S luj(X)<¢w. 2 Ar has Iul ‘Mmeasure o .
2 k=1 |ufae., After vedefining h on o set of measure O, we

May assume |hl=| even where.
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Conclusion : Wis a Sisneot measwe on (X,M) :
) 3 hel'au)), [h=),st. dushdluf..
(b). 3 disjeint measurable sets Aol B, UME)=UENA) u’(s)--ucez@
(€). U= )i=)2,(Ai are measures), there )\ 2Ut. A2z U™
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